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1. INTRODUCTION 
Recent investigations of wave propagation i  numerical computing domains in which hyperbolic 
equations are approximated with finite differences (typically in the context of computational fluid 
dynamics) have brought to the fore striking similarities between this class of phenomena nd 
corresponding aspects of quantum mechanics: those have been reported in Refs [l, 2]. This has 
pointed toward the possibility of formulating a theory that would parallel Schr6dinger's theory of 
particle physics, and that would explain those similarities. Further investigation did show that this 
was indeed the case: it was shown in Ref. [3] that, as expected (but nevertheless urprisingly), such 
a new formalism may indeed be established. 
While these results were obtained in the context of numerical computing, nothing in their 
mathematics was of such a nature that their applicability should remain restricted to that specific 
case. That this is indeed true is demonstrated in the present paper by extending those previous 
results to the description of wave propagation i the periodic system consisting of a taut, massless 
string to which point masses are attached almost periodically (that is to be considered as a model 
of a broad class of physical periodic systems). Other aspects of this may be found in Refs [4, 5]. 
Part of the new results consist in showing that many of the known properties of classical wave 
propagation i  periodic structures may be described by a formalism and by mathematics similar 
to those of the wave mechanics component of quantum mechanics. They also show that certain 
phenomena that were considered as strictly atomic scaled, such as tunneling, also occur in large 
scale periodic systems, such as the discretized string, with an identical theoretical explanation. 
As indicated, it is in the context of numerical computing that the phenomena which have 
suggested the new theory were first brought o light. We show (using the the string of point masses 
as an example) that the theory applies also to physical (as opposed to numerical) systems and it 
will apply as a matter of fact to the other periodic structures which are described by similar 
mathematics. That no such results have been reported so far in the relevant literature in physics 
may be attributed in part to the fact that some of the most vivid evidence of quantum-like 
phenomena may be observed in numerical computing, in experiments with nonuniform grids [6-8]: 
while nonuniform periodic structures are very common in numerical computing, their occurrence 
in physical systems is quite rare, and the analysis of wave propagation in classical periodic 
structures has been devoted almost exclusively to piecewise uniform systems [9, 10]. But this absence 
of precedents coming from physics may also be attributed to the simple fact that physical systems 
do not allow for experiments o be created and for the corresponding data to be measured with 
the same ease and accuracy as in numerical computing. There are of course many examples for 
this role of computing in the discovery and investigation of new mathematical concepts and 
physical phenomena: see for instance Zabusky [l 1] for an interesting account of the discovery of 
solitons, which followed the now famous Fermi-Pasta-Ulam (1955) computer experiments with the 
discrete space analog of a nonlinear vibrating string. 
2. THE DISCRETE VIBRATING STRING 
Consider a taut, massless tring on which point masses are attached at periodic intervals 
(Fig. l). It shall be assumed that this system has been obtained by discretizing and lumping 
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Fig. 1. Definition of variables for the discretized string. 
at the nodes a continuous tring of uniform density p, such that the individual masses will 
be: 
6,+6.+1 m.=p 2 ; n =0,+1,+2 . . . . .  (1) 
Unless when otherwise indicated, n shall extend from - ~ to ~.  The classical Newtonian equations 
for small amplitude motion are: 
d% 2 r {u._~-u. u.+~-u,) 
d t2 =~n'3C-(~n+l P~ (~n ~ ~n+i  . '  (2)  
where {u,} - u is the set of the vertical displacements of {m,} and T is the axial tension in the string. 
We shall denote with c the velocity of wave propagation along the original, continuous tring: 
/ .  
c = J~ .  (3) 
Equation (2) becomes: 
d2un 2c 2 (Un_l--U n Un+l--Un} 
dt2=c$.+f i~+tk"  ~ ~ ~+1 ." (4) 
Its dispersion relation, obtained by letting 6, = fi = constant and inserting the trial solution e a(°" + ¢~), 
is (Fig. 2): 
2 2//sin(e6/2) ~ 2 ) .  (5) 
W" 
-c  
Fig. 2. Dispersion relation. 
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Fig. 3. Group and phase velocities as a function of ~ and & 
This gives two phase velocities: 
/)+ = __  
and corresponding group velocities: 
G+ = - - - -  
co sin(~c~/2) 
= _+ c (6)  
~t~/2 
= + c cos(~6/2), 
= _+ c , / l  - .82 (7) 
where .8 is the dimensionless parameter: 
8 = co,~ /2c. (8) 
We shall be concerned with the case where, except for a finite number of points of discontinuity, 
the ~n vary slowly with respect o n such that they may be embedded in a continuous function ~(x); 
6 (xn) = 6~ which varies slowly with respect to x. Classical wave propagation theory (see for instance 
n 
-C 
-¢  
Fig. 4. Group and phase velocities as a function of co and J. 
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Ref. [12]) tells us that away from points of discontinuity the discrete system (4) admits 
monochromatic waves, i.e. waves of the form 
u(x,t)=~(x,t)expli(oot fx dx) l  ' + {(x) (9) 
where the frequency co is a constant and the amplitude ~(x, t) and wavenumber {(x) vary slowly 
with respect to their arguments. The dispersion relation for such waves is position dependent 
2 2/sin(~ (x)" 6 (x)/2) "~2 
co =c~ ~-})-~ ) .  (5a) 
This is obtained by inserting equation (9) in equation (4) and contains approximations: terms which 
multiply derivatives of = or 6 are omitted, assumed, by the very definition of equation (9), to be 
negligible in comparison with the other terms appearing in equation (5a). The phase velocities are 
also position dependent: 
v±(x)  = +c  
and so are the group velocities: 
sin(¢(x)6(x)/2) 
{(x)6(x)/2 (6a) 
G± = +_ c cos(~(x)6(x)/2) 
= + cx /1  - ;~(x) 2. (7a)  
A fundamental invariant is the classical mechanical energy, the sum of the kinetic and potential 
energies: 
_m.ldu. 2 ~ ,_lu,,_u._d2 
eM=~T[ -~-+.  2 6. 
= Tu + VM = constant. (10) 
One may express the energy of monochromatic waves by averaging in time over one period and 
omitting as before terms containing derivatives of = or 6: 
j~  ax, (11) 
which becomes, with the dispersion relation: 
= Tu.,,, + V,,,,,.,,, = constant. (12) 
The fact that Tu and Vu are equal here reflects the known principle of the equipartition of 
energy. 
That S =2 dx is a constant and that the conserved =2(x, t) = lu(x, t)l 2 moves locally at the group 
velocity results in the conservation law: 
&2 ~x -~- + (C(x)~ 2) = 0, (13) 
which is to be satisfied separately for rightgoing waves (G > O) and leftgoing waves (G < 0). 
3. FOURIER ANALYSIS 
The time Fourier transform of equation (4) (with 6. = 6 = constant) is: 
_ co2ti. = c 2 fi,+l - 2ft. + u.+l 
6 2 (14) 
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where fi(og) is the Fourier transform of u(t) ,  defined by: 
~(o9) = u(t )e  -i°'' dt. 
oO 
Normal modes of wave propagation are obtained by seeking solutions of equation (14) for which: 
u,+ t(og)- ~(o9) is independent of n. 
a.(og) 
This results in the equation for E(og): 
t 2 - 2(1 - 262)/~ + 1 = 0, (15) 
which produces two modes of solution whose Fourier transforms atisfy: 
I u"+' (og)l = E+ (co) = 1 - 232 - ix/1 - (1 - 232) 2 (16) a.(og) J+ 
and 
[ /~n+ 1(O. ) ) ]  = j~ (0)) = 1 - 232 + ix/1 -- (1 -- 2a2) 2
a.(og) J+ - 
respectively. When ]co] does not exceed the cut-off frequency o9,. given by: 
then 
2c ( o9,.6 ) 
co,.=~- or-~-c =1 , 
(17) 
(18) 
I/~+(o9)1 = E - (o9) l  = I. (19) 
Harmonic solutions of equation (4) with frequencies in that band are of constant amplitude in 
space and time. To each 09 there corresponds a rightgoing wave, with positive phase and group 
velocities, and a leftgoing wave with negative phase and group velocities, given by equations (6) 
and (7) with the appropriate signs. 
When Io91 > co,, then equations (16) and (17) become: 
~7± (co) = --(262 - l) ___ x/(1 -- 262) 2 - 1 
= - e ~ 2 .~h ~)  (20)  
such that 
I~+1< 1; I t _ l>  1. (21) 
These are evanescent waves. Their envelope varies exponentially with n, at a rate which increases 
with Io91- co,, with internal oscillations of wavelength 26 (Fig. 5). 
4. ANALOGY OF WAVE MOTION WITH MECHANICAL MOTION 
Interestingly new relationships appear when monochromatic waves are considered as mass-like 
objects moving at the corresponding group velocity. It will be found that they are governed by 
dynamical equations which are identical in form to those of classical mechanics. Their descriptive 
variables, such as mass, momentum, are however not the Lagrangian variables (those described 
in the analysis of Section 2), but are instead a new set of variables related to properties of the wave, 
and which play the role of (wave) mass, momentum, etc. in the new dynamics. It will then be found 
that one may attach to this new mechanical description of wave propagation a formalism 
comparable to that of the wave mechanics component of quantum mechanics, relating the original 
wave to the solution of a finite difference analog of Schr6dinger's equation. 
This procedure was first developed in the context of computational fluid dynamics [1, 2], in an 
analysis of wave propagation i the periodic structure obtained when a first order hyperbolic system 
is approximated with simple finite differences in space. 
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Fig. 5. Evanescent wave on a uniformly discretized string (6 =constant; 3> 1). These waves are 
characterized byspatial oscillations of a wavelength equal to 26, modulated by a real exponential envelope 
[equation (20)]. Waves of this type may be generated by applying asinusoidal condition of the appropriate 
frequency at a boundary point. 
Following Ref. [2], we define a special mechanical model of monochromatic wave propagation 
on the discretized string; the corresponding definitions are written for a single wave packet of unit 
"mass": We first define the "wave mass" of the wave packet by the expression: 
m, = f lu(x, t)12 dx = f ~2(x, t) dx = l. (22) 
Its position is that of its center of gravity: 
lfx ; X=~w lu12 dx = xlul2dx 
and it is found that its velocity is simply: 
dX 
d--~ = G (3(X)). 
We may then define the wave packet's wave kinetic energy: 
T=fG2(~ x)) ~2dx = G2('3(X))2 
If moreover we define as its potential energy: 
1" 23~(x) 2 32(x) 
v= jc -T - .~  dx=c2 2 
then we obtain relations that are similar to those of classical mechanics. 
Conservation fenergy 
c 2 
T('6(X)) + V(~(X)) = ~- = constant. 
(23) 
(24) 
(25) 
(26) 
(27) 
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Equations o f  motion 
dx t 
d----~ = G, 
__dG = 1 cgV('~(X)) _ OV(6(X))  (28) 
dt m,. OX OX ' 
(the above is to be compared with Ehrenfest's theorem of quantum mechanics [13]). 
An example of the dynamics described by these equations is shown in Fig. 6 [obtained by 
numerical integration of the system of equations (4)]. It illustrates the process of internal reflection 
of a wave packet (which plays the role of a mass particle) on a discretized string where a stretching 
in the spacing of the masses creates a gradient in the potential. The particle reaches in its motion 
a point where its wave kinetic energy vanishes (6 = 6<. = 2c/co; G = 0), then returns to the left from 
where it came. 
In the case of wave propagation in computational fluid dynamics codes, the process of internal 
reflection illustrated here is strictly spurious. It is absent from properties of the original partial 
differential equations, and is an artifact introduced by the numerical discretization. Analyses of 
this process in computational fluid dynamics thus fall under the heading of "error analysis" 
[6-8, 14]. 
Time 
.~ ,~ 
× 
Fig. 6. Reflection of  a wave packet on a nonuniformly discretized string. The node spacing is uniform 
in the left half of the domain shown, and increases linearly with the distance (creating a quadratic increase 
of the potential) in the right half. The wave packet behaves as a point mass climbing the hill up to where 
its kinetic energy vanishes (the turning point), then returns with a symmetrical trajectory toward the left. 
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Wave packets on the discretized string are similar to the (one-dimensional) phonons which 
appear in the analysis of crystal vibrations (see for instance Kittel [10, pp. 92-93]). But the kinetic 
and potential energies of phonons defined in that context are those of classical mechanics, i.e. given 
by our relation (12), not those defined here by equations (25) and (26). 
It may be observed that the conservation of what we have called wave mass [equation (22)] may 
be interpreted as the conservation of classical energy. What equations (28) then reveal is that the 
equations describing the space-time dynamics of the classical energy of monochromatic waves turns 
out to be identical in form to those describing the dynamics of classical mass in a correspondingly 
defined potential field. 
5. A NEW THEORY 
One of the premises of quantum mechanics resides in the assertion that there exists a wave 
function that is the dual of physical mass particles, and that this wave function satisfies 
Schr6dinger's equation which is derived from the Hamiltonian description of the corresponding 
mechanical dynamics. We have, on the other hand, shown in Section 4 that one may, in the 
description of wave propagation i  periodic structures, define mass-like and energy-like quantities 
that satisfy equations that are identical in form to those of classical mechanics. This sets the scene 
for the search for relationships between those quantities and the original wave that parallel the 
Schr6dinger-de Broglie theory. We will show that such relationships may indeed be found, pro- 
ducing a new theoretical framework for the description of wave propagation i periodic structures. 
In Schr6dinger's theory, to a particle of momentum P and total energy E are associated a wave 
function of the form (cf. for instance Ref. [13, Chaps I and II]): 
 x)l ~b (x, t) = e(x, t)exp ] - j~ P (29) 
(where h is Planck's constant). The function 
fx S = -E t  + P dx, (29a) 
which appears in the imaginary exponent of 0 is Hamilton's principal function, which plays an 
important role in the description of a mass particle's dynamics (the Hamilton-Jacobi theory). The 
wave function satisfies the equation obtained by replacing in the corresponding Hamiltonian 
p2 
H(P,  x)  = ~mm + V(x)  = E, (30) 
the momentum P and total energy E by the operators 
h c3~b. (31) 
P" ~k = 27ri t~x' 
h a~b (32) 
E. ~ = 2~i 0t 
It is important o note that this implies an approximation: equations (31) and (32) are true only 
if terms containing derivatives of E are omitted, assumed to be negligible in comparison with the 
right-hand sides of the above. And it may be of interest o note that this approximation is of the 
same nature as the one that has been invoked in Section 2, in the definition of monochromatic 
waves on the discretized string. 
These substitutions result in Schr6dinger's equation: 
l (h '~2 02~b h c3~b (30a) 
2m \2-~ J ~ + V(x) .  ~k = 2~i Ot " 
The logical place to start looking for a mathematical analogy between periodic structures 
(illustrated here by the discretized string) and quantum mechanics is in searching for a wave 
function with properties comparable to those of ~. One quickly finds that u cannot be it: the 
application of time and space derivative operators to equation (9) does not result in expressions 
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that are simply related to energy and momentum-like quantities (such as those defined in Section 4) 
as the case should be if u were that wave function. We are thus led to seeking elsewhere. It will 
be found that a successful theory may be derived by starting from the expression: 
W(x, t )=  ~t(x, t)exp iI(ogt+ 
for a wave function to be associated with u (we shall call W the associated wave function). An 
implicit assumption i  this expression is that W and u have the same frequency 09: there was no 
reason to expect hat it would be otherwise. Moreover, guided by the fact that I¢1 z in quantum 
mechanics may be interpreted as a distribution i  a manner that closely resembles the interpretation 
of lul = given in the present context, it seems reasonable to want the dynamics of lWI to be the same 
as those of lul which has been achieved by letting IWI = lul--~(x, t) (this will also require that 
the group velocity of both be the same). The subsequent analysis will show that these choices are 
indeed appropriate. 
To obtain a mathematical nalogy with quantum mechanics requires that a Hamiltonian 
description of the dynamics of the wave mass dual of W (and u) be formulated. There is more than 
one such formulation that is consistent with the equations derived in Section 4. The following (not 
necessarily unique) has been found to result in a consistent formalism: the wave kinetic energy is 
redefined as 
GZ(~(x)) (6---Ico~/2c1). (34) T*(x) = 26(x) 
The corresponding wave momentum is obtained by the relation from classical mechanics: 
0T* 0T* G 
P = O(dx/dt) OG ~ (35) 
These variables hall be interpreted as specific variables (i.e. per unit wave mass) of a continuous 
distribution ~t2(x, t) (see Ref. [3]). 
The Hamiltonian, expressed as a function of P and x shall be: 
P6P H = - -~  + V*(x) = c 2 = E, (36) 
where the potential function V*(x) is 
V*(x)=c 2---~=c ~ 1--~ 
That the energy E has been equated to c 2 in equation (36) will have been found to be the choice 
that leads to a consistent theory. It may be verified that (other than for changes of definitions) this 
formulation is consistent with the classical mechanics formulation of Section 4. Indeed, with x and 
G satisfying the "classical" relations (28) we find: 
OH dx t OP dt ' 
OH dP (38) 
0x dt '  
which are strictly in the form of Hamilton's canonical equations. 
As in quantum mechanics, we are to find equivalence rules similar to equations (31) and (32): 
if the operator equivalent of E applied to W is to be equal to the total energy multiplying W, then 
we shall have simply (omitting terms involving derivatives of ~, which must be considered 
negligible): 
c2 0W 
E.  W = - i - -  - -  = c 2 W, (39) co Ot 
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which is the first equivalence rule. We shall assume, for simplicity, that to is positive (this would 
correspond, in quantum mechanics, to specifying that the energy is positive; considerations of this 
kind seen however to be unimportant here). The connection of Schr6dinger's formalism with the 
Hamilton-Jacobi theory requires, as in (29), that the imaginary exponent of the wave function be 
proportional to Hamilton's principal function (29a): translated to the present conditions, this 
would require that the substitution rule for P be of the general form: 
c2 0W 
P. W = i - -  . (40) 
to cOx 
This, however, does not recognize that space is discretized (early attempts to develop the theory 
were unsuccessful ntil this crucial fact was taken into account): derivatives with respect o x are 
to be replaced by their finite difference quivalent. In the present case, equation (4) implies the finite 
difference rule (assuming a slow variation of 6 with position): 
Av v (x + 6/2) - v (x - 3/2) 
A--~ = 6 (41) 
This means, in particular, that the discrete derivative of an oscillatory function such as e i~x shall 
be: 
Ae i~x .fsin(~6/2) 
=,t. 6--~- ).e ~''<. (42) 
The presence of an imaginary exponent in equation (33) creates two scales with respect o spatial 
variations. Indeed, it may be observed that with A and F in the following expression both assumed 
to be slowly variable with respect o length scales of order 6 we shall have: 
A . /dA sin(v3/2). A "~,~m (43) 
(Ae re. )=_t~ x+i  6/2 ] -  ' 
since the difference between AA lAx and dA/dx is inconsequential, while that between AeOX/Ax and 
dee,'"/dx is not. 
If we accept he premise that A/Ax is the space derivative operator that is to be used instead 
of d/dx (and the fact that this will result in a coherent theory will confirm that this is indeed the 
case), then the substitution rule for P shall be: 
.c 2 AW 
P .W=z- - - -  
to Ax ' 
(44) 
instead of equation (40). 
As a next step, we postulate that, as in the classical Schr6dinger theory, W is to satisfy the 
equation when the momentum P and the energy E are replaced by their operator equivalents in 
expression (36) of the Hamiltonian. This results in the equation: 
-2 Ax ~x " W(x, t) + [c 2 - V*(x)]W(x, t) = O, (45) 
in the steady state case (d~lOt = 0) and 
1 /c2 \  2 A /_  A ) .C2COW(x,t) 
2t-~X) -~Xt6AX "W(x ' t ) -V* (x ) 'W(x ' t )=to9  0t (46) 
in the general, time dependent case. 
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The similarity of these equations with the corresponding forms of the classical Schrrdinger 
equation is evident. There are however important differences: First is the presence of finite 
differences instead of common derivatives. Second is the fact that the "quantum" quantity ~ is not 
a constant here, but depends in general on position. 
We will now seek b(x) in expression (33) of the associated wave function W that verifies these 
equations. 
6. THE ASSOCIATED WAVE FUNCTION--STEADY STATE CASE 
We shall begin with the case where d~t/3t =0 and ~ < 1. Inserting 
w(x)=e(x)exp +i b(x)dx (47) 
(which is the time independent part of W in this case) into equation (45) results in a complex 
equation whose real and imaginary parts are as follows: 
Real part 
A f&c A "~ . . . .  [-rc['sin(b6/2)~ 2 2G~q A~t-2-Axx:~txJ--~tx]L--2 t ~ ) --"~-c J =0. (48) 
Imag&ary part 
e(x)e sin(b&/2) + ~ c sin(b~/2) -- 0. (49) 
A solution to equation (48) may be obtained by assuming that the leading term in that equation 
may be neglected: this is indeed justified, since this leading term contains as factors derivatives of 
e which are, by the very definition equation of (9), negligible. It is to be noted that this process 
is identical to the WKB approximation that is used to solve Schr6dinger's equation in the 
corresponding situation in classical quantum mechanics (WKB stands for the names of Kramers, 
Wentzel and Brillouin who, more or less independently of each other, rediscovered this method-- 
see e.g. Morse and Feshbach [15]. We thus obtain: 
sin(b6~2)2 - c = 0, (50) 
which is to be verified by b. Equation (49) becomes 
d (a(x).~) = O, (51) 
where the fact that ct and G vary slowly with x has resulted in the replacement of finite differences 
with ordinary derivatives. This equation is precisely the form of the conservation law (13) that 
corresponds to the steady state case, and it is therefore verified. 
Among the several values of b that solve equation (50), the one that will be found to satisfy our 
requirements [which also include equation (54) below] is: 
b(x)=+-~(-~+arcsinlG ' (52) 
where the two signs correspond to leftgoing and rightgoing waves. This results in 
w(x)=~t(x)exp(+ifx~(-n-arcsinlT[)dx) (53a) 
and 
W(x,t)==(x)expi(o~t+f~(-~c+arcsinlTI)dx). (53b) 
70 R. VICrlNEVE~KY 
A simple calculation shows that this expression satisfies the requirement that the group velocity 
of W be equal to G, the same as that of u. Moreover, it may verified that the theoretical 
developments that start with Section 4 could have been carried out up to this point with a value 
for E different from c 2 that was used. But we would have obtained, in that case, a different--hence 
unacceptable---value for the group velocity of W. 
Finally, inserting equations (53) in (44) (and neglecting as before derivatives of ct) results in: 
c 2 AW G 
i- -  = =. IV, (54) 
09 Ax 6 
which is in agreement with equation (35). 
We could, by the way, have derived b earlier, asking that equation (44) be satisfied with P given 
by equation (35). We would then have completed the formalism by verifying that equation (45) 
is satisfied. 
From the identity derived from the dispersion relation (5): 
2 
= -T- ~ arcsin(6) (55) 
and from 
G 7~ 
arcsin(6) + arcsin = 
results the simple relationship between W and u: 
(I ) W(x, t) = exp i -T- -~ dx u(x, t), 
(56) 
(57a) 
which is also, in discrete form at the nodes: 
W.(t)=(-1)"u.(t ) .  (57b) 
Significantly, it will be found that this simple transformation (which is unitary, i.e. amplitude 
preserving) defining the associated wave function W in relation to the original wave u will continue 
to hold in the other cases treated below. 
7. EVANESCENT WAVES 
Since evanescent waves generally exist in small domains only (typically near boundaries and 
points of discontinuity in the discretization step size), we may restrict our analysis of this case to 
that where t5 is constant. Equation (45) may be rewritten as: ()2 
A .w(x)-(~ 2 1).w(x)=0, 
5~x 
which (when l < 6 = constant) is solved analytically by: 
( -6-2x argch(~)) w(x) = exPk T- 
or, in discrete form at the nodes 
w,= exp( qz 2n argch(~)). 
(58) 
(59) 
(60) 
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The associated wave function: 
(,x ) W(x, t) = exp(i~ot)exp -T- -~- argch(~) 
or 
W,(t) = exp(ioJt)exp( -T-2n argch(~)), 
is indeed found to be related to the corresponding u [equation 
transformation (57) as in the preceding case. 
An important role for these evanescent waves will 
structures. This will be examined in Section 9. 
20] 
be in explaining 
(61) 
by the same unitary 
tunneling in periodic 
8. THE ASSOCIATED WAVE FUNCTION- -NONSTEADY STATE CASE 
Inserting the trial solution (33) in the time dependent equation (46) results again in a complex 
equation, the real part of which is (when 6 < 1) identical to equation (48) while the imaginary part 
becomes: 
Act(x, t) = 2 ~ot(x, t) A (or(x, t)'c sin(bt3/2))q - -  .c sin(b~/2) - . (62) 
Ax Ax t~t 
With b satisfying equation (50) and (with the same justification as before) finite differences replaced 
by usual derivatives, this equation becomes precisely the conservation law (13) and it is thus 
verified. 
With b given by equation (52) the expression for W is 
W(x,t)=~(x,t)exp(i(cotT-fx~(-n+arcsinlGl)dx) (63a) 
or 
Wn(t)=~n(t)exp(i(cot+fx"~(-rc+arcsinGI)dx ), (63b) 
which is identical to equation, (53), except for the dependence on time of ~ [and it is again related 
to u by the unitary transformation (57)]. 
Interestingly, (57) may be used in experiments o compute and observe W instead of u: a first 
example of this is illustrated in Fig. 7. This figure is obtained by linear interpolation (as was the 
case in Fig. 4 for u) of nodal values of W computed with equation (57). It may be noted that the 
term (-re) in the exponent of system (63) disappears in this process: this term however is needed 
analytically--it gives the correct sign to equation (54). 
9. TUNNELING 
The theory predicts that the typically quantum mechanical process of tunneling should exist in 
the present case. That this is indeed true shall be illustrated by the following example. 
Consider a string on which a piecewisely uniform discretization creates three regions: 
=6~, inx  e[0, L], 
fin x < 0, 
=60<~1, [and x>L,  (64) 
resulting for monochromatic waves of frequency [¢o[ in [2c/¢3~, 2c/~,] a potential wall in xE[0, L]. 
If the description of wave packets with the mechanical particle analogy would apply, then the 
packet illustrated in Fig. 8, coming from the left would be reflected by the wall without loss of 
wave mass. But (here as in classical quantum mechanics) this is not what happens. While the wave 
packet (or particle) is in contact with the potential wall, it generates inside that wall an evanescent 
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Fig. 7. Repeat of the experiment illustrated in Fig. 6, but with the associated wave function W graphed 
instead of u. The discrete wave number l/iW A W/Ax is locally proportional to the momentum G/~ and 
vanishes at the turning point (where G -- 0). The motion of the center of gravity is as described by system 
(28) or (38). 
wave which lasts for the duration of the contact. This evanescent wave contains wave mass. If the 
potential wall were of infinite thickness, then this mass would return entirely with the reflected 
wave packet. But with a wall of finite thickness some of that mass, that essentially contained in 
the tail of the evanescent solution which would have extended beyond the end of the wall, escapes 
to the right and does not return, whence tunneling. The mathematics are identical to those 
describing and "tunnel effect" in quantum mechanics (see e.g. Messiah [13, pp. 96-98]) and shall 
be omitted. 
|0 .  CLOSING COMMENTS 
Following earlier results that had been established in the context of computational fluid 
dynamics, we have shown that monochromatic waves in periodic structures (for which we 
have taken the diseretized string as an example) may be described by a formalism (or theory) 
that is surprisingly similar to the de Broglie--Schr6dinger theory of quantum mechanics 
(Fig. 10). 
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Fig. 8. Tunneling experiment with a single wave packet. The grid spacing ispiecewise constant, with 6 < 1, 
in the white area, ~ > 1, in the shaded area, creating a potential wall. The wave in the potential wall is 
evanescent, showing the characteristic sawtoothed shape (wavelength = 26). 
The possibility of such a new theory had been prompted by the observation of many analogies 
between the two classes of phenomena. An examination of the mathematics supporting the analysis 
suggests that the similarity stems from the fact that both fields deal with the propagation of a 
conservative quantity, in which some of the descriptive variables (spatial position in the former 
case, energy and momentum in the latter) are not continuous, but are allowed to change by discrete 
increments only. By contrast with the classical Schr6dinger theory which applies only to atomic 
scaled phenomena, the new (pseudo quantum wave mechanics) formalism describes large scale 
processes. 
Our results may be summarized as follows: 
- -One  may associate to monochromatic waves in periodic structures a wave function 
which satisfies a Schr6dinger-like finite difference quation. 
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--This difference equation isderived from a special Hamiltonian which describes the 
dynamics of monochromatic waves, with substitution rules similar to those of the 
classical Schr6dinger theory in quantum echanics. By contrast with the latter, the 
"quanta" of the new theory are related to the spatial increments of the structure, 
bearing no relation to Planck's constant. 
--The wave function (the solution of the new equation) is related to the original 
wave by a unitary transformation, such that the amplitude of both is 
identical. 
--The theory contains the classical properties of wave propagation in periodic 
structures in a formalism similar to that of Schr6dinger's quantum wave mechan- 
ics. In addition to rephrasing known results, it shows that certain phenomena that 
were considered as strictly atomic scaled (such as tunneling) also exist in "large 
scale" periodic structures. 
± - - - ~  
× r 
tree 
Fig. 9. Wave function W n - - ( -1 )n 'un  for the same experiment as the preceding figure. As predicted by 
the theory, spatial oscillations are absent inside the wall, where the wave is evanescent. 
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Fig. 10(a). Classical Schr6dinger theory. 
Monochromatic wave U I 
I Definition of wove mass and energy [ 
+ 
I HamiLtonian(56) [ Unitary ( 57 )transformation, I 
L Finite difference analog of [ I . . . .  I 
Schr~dinger~s equation (Vichnevetsky]l,~---q Ass°claeea IWOVe function I (45) and (46)  I I w I 
Fig. lO(b). New pseudo quantum wave formalism. 
Figs lO(a,b). Schematic omparison of the new pseudo quantum wave formalism with the classical 
Schr6dingcr's theory. 
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